Mathematics demonstrates that an ideally evolving magnetic field has an exponentially increasing sensitivity to non-ideal effects for all but truly exceptional evolutions. The implication is that the theory of magnetic reconnection requires reconsideration in the limit as non-ideal effects become small. Traditional theories are based on two-coordinate models, which exclude the exponentiation effect that is robustly present for magnetic fields in three-dimensional space. Two issues not explained by traditional theories are explained by the exponentiation effect: Why a near-ideal evolution from an arbitrary initial state naturally leads to a state of fast magnetic reconnection. What length of time is required to reach that state. Fast magnetic reconnection means at a rate determined by Alfvénic, not resistive, physics. The exponentiation effect also explains why magnetic helicity is conserved by a fast magnetic reconnection. What is paradoxical is how the energy can be rapidly transferred from the magnetic field to the plasma in the limit as non-ideal effects become small. This question is addressed by deriving the equation for the drive for Alfvén waves, a mechanism that has been discussed before, as well as deriving a new effect, an effective parallel electric field E || that can accelerate particles even when the effect of the true parallel electric field E || on particle acceleration is negligible. The paper is essentially self-contained, but its relation to earlier work is explained.
I. INTRODUCTION
By fast magnetic reconnection, we mean magnetic field lines changing their connections on a time scale determined by Alfvénic, not resistive, physics. Fast magnetic reconnection is prevalent in both natural and laboratory plasmas [1] .
As shown by Newcomb [2] , magnetic field lines cannot break but move with a velocity u ⊥ ( x, t) if and only if the magnetic field obeys the ideal evolution equation
The qualitative features of a general ideal evolution of a magnetic field in three dimensions can be obtained, essentially without approximation [3, 4] . Even the non-ideal contribution to the field, δ B ni , can be obtained while that contribution is small, Appendix A. When δ B ni is small, it is proportional to the deviation of the electric field from the ideal form multiplied by a factor Γ u that increases exponentially in time; ln Γ u /t ≡ λ u as t → ∞. The average rate at which streamlines of u ⊥ e-fold apart is the Lyapunov exponent, λ u , of the magnetic field line velocity.
The features of the near-ideal three-dimensional evolution of magnetic fields are robust in the sense that a small perturbation will restore the generic behavior even in cases in which it does not hold. An example is an evolution with a continuous spatial symmetry, which makes γ u = 0.
The properties of a near-ideal evolution in systems that depend on all three spatial coordinates are fundamentally different from systems that depend on only two as in standard plamoid theories. Twocoordinate descriptions of three-dimensional space are equivalent to having a perfect symmetry. Plasmoid theory dominates modern reconnection studies. Approximately a thousand papers on plasmoid theory and multiple reviews [5, 6] have been written.
The generic behavior of the near-ideal evolution of magnetic fields in three dimensions provides answers to the four questions that are required for a practical understanding of fast magnetic reconnection phenomena:
1. Why does the near-ideal evolution of natural and laboratory magnetic fields robustly lead to states of fast magnetic reconnection independent of the drive and of the initial state?
2. What is the characteristic time required to reach a state of fast magnetic reconnection?
3. What is the explanation of the effects produced by fast magnetic reconnection, which are primarily associated with magnetic helicity conservation and an energy transfer from the magnetic field to the plasma? 4 . Why does the Alfvén speed define the time scale during which the effects produced by fast magnetic reconnection occur?
While discussing the answers to these questions given by three-dimensional near-ideal results, it is useful to compare with plasmoid theory.
The first two questions are traditionally ignored in the reconnection literature but have clear answers in three-dimensional theory due to the exponential increase of δ B ni with time. The time scale for reaching a state of fast magnetic reconnection depends logarithmically on the initial state of the system times 1/γ u . The resistive time scale enters the time scale only logarithmically. Although evolution into a state of fast magnetic reconnection is generic in three-dimensional space, the features of this evolution depend on both the nature of the drive and of the initial state. These dependencies are discussed in Section V, Summary.
In traditional plasmoid theories, the initial state of the system is assumed to have one or more current sheets that are symmetric in two spatial directions, Harris sheets, which are highly unstable. This rapidly growing instability initiates the fast magnetic reconnection process. The difficulty of obtaining the initial condition of traditional plasmoid studies was noted by Loureiro and Uzdensky [6] : "the formation of a current sheet and the subsequent reconnection process cannot be decoupled, as is commonly assumed." Nevertheless, the formation of a current sheet has not been a major focus of plasmoid research.
Although current sheets generically form in a near-ideal evolution, the current density increases exponentially slower than does the non-ideal part of the magnetic field [4] . These current sheets are extended along the magnetic field and ribbon-like across, which means exponentially broad in one direction and exponentially narrow in the other.
The part of the third question on helicity conservation has a clear answer in three-dimensional theory. The rate of helicity dissipation, E · Bd 3 x, required for reconnection becomes exponentially small, ∝ 1/Γ u , as the ideal limit of the evolution is approached. Nevertheless, the rate of energy loss by the magnetic field, E · jd 3 x, can be large because one term in E · j is u ⊥ · f L , where the Lorentz force
is the force the magnetic field exerts on a plasma carrying a current of density j. Nevertheless, the smallness of the current density in the limit as the non-ideal terms, such as resistivity, go to zero implies the direct dissipation of the magnetic energy, ηj 2 d 3 x, is small. The large current density assumed in plasmoid theory makes the direct dissipation of magnetic energy, ηj 2 d 3 x, large and provides a large electric field for accelerating particles. However, the nature of magnetic helicity conservation in plasmoid theory is nuanced and not thoroughly discussed in the literature. If the island-like plasmoids opened slowly as in the Rutherford regime in a toakamak, then the opening would be a helicity conserving process [7] . Magnetic surfaces by definition are never crossed by a magnetic field line. When magnetic surfaces exist inside a plasmoid, as they do when there is a guide field in a symmetry direction, then in a slowly opening island there is an accelerating voltage, which is positive on some surfaces and negative on others. If the magnetic surfaces are destroyed, as they can be in the absence of a symmetry direction, magnetic field lines average over the volume, and there is no net acceleration.
When exponentially small non-ideal effects give Alfvénic reconnection, as they can in three dimensions, a large energy transfer from the magnetic field to the plasma can occur through (a) the production and damping of shear Alfvén waves, Appendix B, and (b) the formation of an effective parallel electric field E || , which acts to accelerate particles in a way that is analogous to a true parallel electric field E || . E || is derived in Section IV.
The answer to the fourth question essentially comes from the fact that the Alfvén speed is the natural speed for the system to relax back to static force balance when static force balance is broken. Static force balance is broken when fast magnetic reconnection joins field lines that have different values of j || /B ≡ j · B/B 2 . The smallness of the Debye length [8] implies ∇ · j = 0, which is equivalent to
where f L is the Lorentz force, Equation (2) . In a near-ideal plasma, the force implied by Equation (3) relaxes by Alfvén waves, Equation (B13) of Appendix B. This process is complicated by the rapid transfer of the energy in the Alfvén waves to the plasma through phase mixing in regions in which magnetic field lines exponentiate apart [9, 10] . This exponentiation in the separation is the cause of the exponential enhancement of sensitivity that leads to fast magnetic reconnection. Alfvén-wave damping heats ions through viscosity and electrons through resistivity. Damping presumably slows Alfvénic relaxation, but this has not been studied. The acceleration of individual particles, as opposed to overall heating, can be produced by the effective electric field E || , Section IV, which arises from the interaction between the guiding center drift velocity and the perpendicular electric field. Indeed, Dahlin, Drake, and Swisdak [11] have found that E || acceleration need not be dominant even in reconnection theories in which E || is large.
Although the derivation of E || is the primary topic of the paper, readers whose primary interest is the exponential sensitivity produced by an ideal evolution can skip Sections II B 3, III, and IV as well as all of the appendices except Appendix A.
II. BASIC CONCEPTS
Two concepts, which have been discussed in earlier papers [3, 4, 12] , are required to understand the remaining sections in this paper. The first concept is the form of the electric field in a plasma in terms of the velocity u ⊥ the magnetic field would have if the evolution were ideal and the departure E ni ∇ℓ of the electric field from the ideal form. For simplicity, u ⊥ is called the magnetic field line velocity though this is literally correct only in an ideal evolution. The second concept is the Lagrangian coordinate system defined in terms of the magnetic field line velocity u ⊥ .
A. The electric field
The part of the electric field that prevents the magnetic field evolution from being ideal is a constant E ni along any field line that does not intercept a magnetic field null [12] .
A general Ohm's law has the form E + v × B = R, where v is the plasma velocity. In non-relativistic theory, which is used in this paper, R is the electric field in a frame that moves with the plasma. Let Φ be a solution to B · ∇Φ = − B · R − E ni B, where E ni is constant along each magnetic field line. Define a velocity perpendicular to the magnetic field u ⊥ by
where ℓ is the distance along a magnetic field line. Any magnetic field can be described using Clebsch potentials α and β, which are constant along a field line,
The distance along a line ℓ is calculated using
The magnetic field can also be written as
wherever B is non-zero. Details on the existence and properties of α, β, and ℓ are given in Appendix A 3. When the non-ideality is zero, E ni = 0, the magnetic field lines move with a velocity u ⊥ and do not break [2] . When E ni is non-zero, the magnetic field can be written as an ideally evolving field B I plus a non-ideal correction B = B I + δ B ni . As long as
where b ni is proportional to E ni times a term that increases exponentially with time [4] , Appendix A .
B. Lagrangian coordinates
Lagrangian coordinates and their exponentiation properties are not commonly used in plasma physics but are key concepts in other areas of classical physics in which flows occur. Two examples are the theory of mixing, which is important from the mixing of food in cooking to the mixing of paints and chemicals, [13] and oceanography [14] .
Lagrangian coordinates x 0 are defined so that the position vector in ordinary Cartesian coordinates is
The subscript "L" implies the Lagrangian coordinates x 0 are held fixed, (∂f /∂t) L ≡ (∂f /∂t) x0 .
Jacobian matrix of Lagrangian coordinates
The three-by-three Jacobian matrix of Lagrangian coordinates can be decomposed as
where
The three real coefficients Λ u ≥ Λ m ≥ Λ s ≥ 0 are the singular values of a Singular Value Decomposition (SVD). The Jacobian matrix can also be written as
whereÛ ,M , andŜ are orthogonal unit vectors, U =M ×Ŝ, of the unitary matrix U ↔ , which means they define directions in the ordinary space of Cartesian coordinates. The unit vectorsû,m, andŝ are determined by the unitary matrix ↔ V , which means that they define directions in the space of Lagrangian coordinates.
The Jacobian of Lagrangian coordinates, which is the determinant of the Jacobian matrix, is
for a proof see [3] . For almost all velocity fields u ⊥ , the coefficient Λ u becomes exponentially large as time progresses, Λ s becomes exponentially small, and Λ m generally changes slowly with time. When this is not true, as in an evolution with a symmetry direction, a small perturbation will result in a system in which the singular values have these properties. In an ideal reduced MHD model, The distribution of parallel current K ≡ µ 0 j || /B, which is proportional [4] to Λ 2 m , is itself proportional to time, Appendix C.
Form of BI in Lagrangian coordinates
An ideal magnetic field B I obeys the evolution
. This evolution is represented by the remarkably simple equation, whose history was reviewed by Stern [16] ,
The second form, Equation (18), was given in [4] . The t = 0 magnetic field is B 0 ( x 0 ). A magnetic field that is evolving essentially ideally towards a rapidly reconnecting state generally has a magnitude that neither increases nor decreases exponentially with time. Equation (18) implies the magnetic fields that are of central interest for reconnection studies have the form [4] 
so this form will be assumed. In other words, if the plasma is not exerting an exponentially increasing force on the magnetic field to balance an exponentially increasing magnetic field strength, the velocity of the magnetic field lines must take a form in whicĥ u · B 0 → 0.
Evolution ofM
The ideal evolution of a magnetic field in Lagrangian coordinates is
.
In an ideal evolution, the unit vector along the magnetic fieldb I =M , and
In an evolution that differs only by a small amount from an ideal evolution
where b ni is calculated in [4] and in Appendix A.
III. EVOLUTION OF THE KINETIC ENERGY
When the gyroradius of a non-relativistic changed particle is small, its kinetic energy is
where µ is the adiabatically conserved magnetic moment.
In his paper on the guiding center velocity, Northrop [15] found the time derivative of the kinetic energy is
and the guiding center velocity is
The velocity of the particle along the magnetic field v ||b and velocity with which it is carried by the motion of the magnetic field lines u ⊥ are the only two components of the velocity that do not go to zero as the gyrofrequency qB/m → ∞ with everything else held fixed. Substituting the electric field from Equation (5) 
Two terms in v g should be analyzed to obtain a more useful expression for dK/dt. First, the term
The choice of the parallel component of u is arbitrary; only u ⊥ gives a motion of the magnetic field lines. When the choice u · ∇ℓ = 0 is made, ( u ⊥ + u ||b ) · ∇ℓ = 0, and
Three types of time derivatives must be distinguished. The time derivative (∂f /∂t) x is taken at a fixed spatial point. The Lagrangian or convective derivative,
is taken in a frame moving with the magnetic field lines. The total time derivative is taken in the frame of the charged particle,
ignoring terms that go to zero as qB/m goes to infinity. Keeping those terms would require second order drifts for consistency.
Equation (35) for dK/dt can then be written
IV. EVOLUTION OF THE PARALLEL KINETIC ENERGY
The kinetic energy, Equation (29), can be written
The parallel kinetic energy is
The difference between dB/dt and (∂B/∂t) L is
The last two terms in Equation (43) can be placed in a more useful form through further analysis. An expression for u ⊥ · κ is obtained in Section IV A, and the relation of this term to conservation of the v || dℓ action is discussed in Section IV A 3. The analysis of the u ⊥ · (∂b/∂t) L term and further analysis of the u ⊥ · κ term will require constraints that become clear with the use of Lagrangian coordinates, Section II B, and the use of Clebsch potentials, Appendix A 1.
A. Expression for u ⊥ · κ
An expression for u · κ can be calculated using the magnetic Poynting theorem.
Magnetic Poynting theorem
Ampere's law plus Faraday's law imply the magnetic Poynting theorem, ∂ ∂t
The electric field is given by Equation (5), which can be used to obtain
Inserting Equation (46) into Equation (44) and using Equation (5) for the electric field gives ∂ ∂t
Field line curvature
The magnetic field-line curvature, κ ≡b · ∇b can be written as
Using Equation (49) for the Lorentz force the magnetic Poynting theorem can be written ∂ ∂t
The curvature term can then be written as
The divergence of the magnetic field line velocity is related to the Jacobian of Lagrangian coordinates, ∇ · u ⊥ = (∂ ln(J L )/∂t) L , Equation (16) . Therefore,
Equation (19) for B in Lagrangian coordinates implies Λ m → J L B/B 0 as Γ u /Γ s → ∞, so in that limit
(54)
Action conservation and u ⊥ · κ
A heuristic argument for the relation between u ⊥ · κ and the conservation of the v || dℓ action can be given. Let r be the radius of curvature of a magnetic field line, then the curvature κ = −r/r. The longitudinal action J = v || dℓ ∼ v || r, so K || ≈ c 0 /r 2 with c 0 a constant. The implication is that dK || /dt = −2(c 0 /r 3 )dr/dt and (dK || /dt)/K || = −2(dr/dt)/r. Now u · κ = −(dr/dt)/r, so (dK || /dt)/K || = 2 u · κ, which is the last term Equation (43). A related argument is given in [11] .
B. Equation for dK || /dt
Equation (43) for the time derivative of the parallel kinetic energy and Equation (54) for u ⊥ · κ can be combined to obtain a general expression for the time derivative of the parallel kinetic energy in the small-gyroradius limit,
The effective parallel electric field is
Equation (56) for the effective parallel electric field can be simplified. First, note that the unit vector along the magnetic field can be written aŝ b =M + b ni , where b ni is the assumed small change in the direction of the magnetic field produced by non-ideal effects, Appendix A. Equation (26) implies
The otherb's in Equation (56) can be replaced bŷ M 's, the unit vector along the ideal magnetic field. The effective parallel electric field is then
The complicated term that multiplies K || in the first line of Equation (55) can also be simplified. The term
where α I and β I are the Clebsch potentials of the ideal magnetic field. As discussed in Appendix A, derivatives with respect to α I are exponentially large and derivatives with respect to β I are exponentially small, and their combination has a weak dependence on time. Consequently, this term is rarely important. Finally, the term qu || E ni in Equation (55) is rarely important because of the smallness of E ni or because in cases in which qv || E ni is important the particle parallel velocity v || is generally large compared to u || = − u ⊥ · ∇ℓ, Equation (37).
The time derive of the parallel energy can then be written as
V. SUMMARY This paper shows that as the non-ideal part of the electric field E ni → 0, then for all but truly exceptional three-dimensional evolutions the magnetic field has an exponentially increasing sensitivity to a non-zero E ni until fast magnetic reconnection ensues. Earlier and more extensive results are in [3, 4] . This demonstration rests on Faraday's law and standard mathematics, which makes it hard to question. An exponentially increasing sensitivity does not arise in two-coordinate models, and the effect has been overlooked in most of the reconnection literature.
An understanding of fast magnetic reconnection requires answers to the four questions that are listed in the Introduction. This paper addresses the most obscure part of the physics of three-dimensional magnetic reconnection in the limit as E ni → 0; how is energy transferred from the magnetic field to the plasma and in particular can tails be produced on particle distribution functions. Part of the answer is the transfer of magnetic field energy to Alfvén waves, which are damped on the plasma. This was discussed in earlier publications, but Appendix B derives the transfer equation. A new effect is the acceleration of particles by an effective parallel electric field E || , Equation (58), which is far larger than the true parallel electric field E || when E ni → 0. An important term in E || is the time derivative of the magnetic field that arises from non-ideal effects, δ B ni . This field is derived in Appendix A and is shown to be an exponential function of time multiplying a term proportional to E ni until δ B ni contributes significantly to the total magnetic field.
Traditional theory does not address the first two questions that are important for understanding fast magnetic reconnection. Why does a magnetic evolution commonly take an arbitrary initial state into a state of fast magnetic reconnection? How long does this evolution take? Traditional reconnection theories, [5, 6] , are initiated by a highly unstable narrow current sheet though it has been recognized that "the formation of a current sheet and the subsequent reconnection process cannot be decoupled, as is commonly assumed" [6] . The second question presupposes an answer to the first. When E ni → 0, the answer in three-dimensional space is the time to reach a state of rapid reconnection is 1/γ u times a factor that depends logarithmically on the smallness of E ni . The rate γ u is the Lyapunov exponent associated with the velocity of the magnetic field lines produced by the evolution, which means 1/γ u , is the typical time for an e-fold in the separation between streamlines of the magnetic field line flow u ⊥ .
A simple model of three-dimensional magnetic reconnection was given in [3] . As discussed in Appendix C, the early phase of the evolution to a state fast magnetic reconnection has a distribution of j || /B in the plasma that increases linearly in time. The effect of the drive, which in this model is a flow in a boundary, on the spatial distribution of j || /B can be studied simply. In particular when the flow in the boundary is time dependent, the spatial distribution of j || /B, which is constant along each magnetic field line, can become extremely complicated across the magnetic field lines-changing sign over small spatial distances. Instabilities driven by spatial gradients in j || /B can produce instabilities that can arise even when E ni = 0. But, the spatial com-plexity of j || /B invalidates the simple stability calculations of plasmoid theory [5, 6] and should allow much higher local values of j || /B before instability takes place. The sheer size of j || /B that is possible may be important for understanding the solar corona as discussed in [3, 18] . Ideal, E ni = 0, instabilities do not invalidate three-dimensional calculations but would cause a faster exponentiation than occurs when the spatial gradients of the magnetic field line velocity remain small.
The component of this equation along the magnetic field is
where dℓ is the differential distance along a magnetic field line. Using Equation (38) for the Lagrangian derivative, the evolution equations for α and β are
The arbitrary function g a (α, β, t) just mixes α and β but that does not change the identification of a magnetic field line with fixed α and β as the line is carried by the flow; g a can be chosen arbitrarily.
The term E ni ℓ in g breaks the magnetic field lines from the flow and can change their topology. When evolution is ideal, E ni = 0, the Clebsch coordinates are functions of the Lagrangian coordinates alone α I ( x 0 ) and β I ( x 0 ).
Clebsch potentials as Lagrangian coordinates
The perturbative calculation of the deviation of the magnetic field from that of an ideal evolution that will be carried out in Appendix A 4 uses the Clebsch potentials of an ideal evolution α I and β I as Lagrangian coordinates. That this is possible is implied by Appendix A 2. A third Lagrangian coordinate is required. What will be shown is that ℓ, the distance along field lines, can be used. To show this, the fundamental definition of Clebsch coordinates for a given ideally-evolving magnetic field B I ( x, t) must be considered.
To define Clebsch coordinates, let x c (ρ, β I , t) be a Clebsch surface in three space, which means that it is nowhere tangential to the magnetic field in the region of interest. The two coordinates that give positions on the Clebsch surface are ρ and β I . Ordinary Cartesian coordinates x are functions of where a particular magnetic field line penetrates the Clebsch surface and the distance ℓ that the field line must be followed to reach that surface, so at each instant of time x(ρ, β I , ℓ, t) with ∂ x/∂ℓ =b I . Since ρ and β are constant along the magnetic field, B I = f ∇ρ × ∇β I .
The constraint ∇· B I = 0 requires f satisfy ∂f /∂ℓ = 0. The implication is that B I = ∇α I × ∇β I , where ∂α I (ρ, β I , t)/∂ρ = f (ρ, β I , t).
Appendix A 2 has demonstrated that α I and β I can be taken to be constant in Lagragian coordinates, but what about ℓ? As with any function of position and time, the time derivative of ℓ in Lagrangian coordinates is (∂ℓ/∂t) L = (∂ℓ/∂t) x + u ⊥ · ∇ℓ. Since ℓ is to be a Lagrangian coordinate, (∂ℓ/∂t) L = 0, and the Clebsch surface must be given the velocity v c required for (∂ℓ/∂t) x = − u ⊥ · ∇ℓ with ℓ = 0 on the Clebsch surface. In order not to change α I and β I while moving the Clebsch surface, the motion must be along the magnetic field, so
The quantities that define the velocity of the Clebsch surface are evaluated on the instantaneous Clebsch surface.
Clebsch potentials in a near-ideal evolution
When the electric field has the non-ideal form E + u× B = − ∇Φ+E ni (α, β, t) ∇ℓ, the Clebsch potentials have the form
where A ni is the non-ideal part of the vector potential, which will be assumed to produce only a small change to the magnetic field from its ideal form B I ( x, t) = ∇α I × ∇β I . The magnetic field is then
using the dual relations, J c ( ∇ℓ × ∇α) = ∂ x/∂β with 1/J c = ( ∇α × ∇β) · ∇ℓ = B since B · (∂ x/∂ℓ) = B. The dual relations are derived and explained in the Appendix to [18] . The gradient of an arbitrary function f ( x 0 ) is
The freedom of canonical transformations contained in g a (α, β, t) implies the two Clebsch potentials can be chosen as
Consistency with Equation (18) implies
the initial magnetic field strength.
When the non-ideal correction to B is small, the most important change is in the direction b ni , not the magnitude, of the magnetic field. The ideal part of the magnetic field is B I = B IM , where the unit vectorM = ∂ x(α I , β I , ℓ)/∂ℓ and
where the identitŷ
was used. The initial magnetic field strength is
when Λ u >> Λ s . In the asymptotic limit as Λ u → ∞, the deviation in the magnetic field line direction due to non-ideal effects is
The Lorentz force is the sum of two parts, f L = f
is associated with the Alfvén wave and f (o) L is the Lorentz force due to other causes, which is assumed in theŷ direction
Consequently, the variation in Lorentz force along a magnetic field line due to other causes f
L , such as the variation of j || /B along a magnetic field line, Equation (3), can be balanced by an Alfvén wave,
The Alfvén speed is V 2
Appendix C: Reduced-MHD model of an ideal evolution Consider a model in which initially straight magnetic field lines go from a perfectly conducting stationary wall at z = 0 to another perfectly conducting but moving wall at z = L in (x, y, z) Cartesian coordinates [3] . The plasma between the walls is assumed to be ideal, E + v × B = 0. The flow velocity v w of the z = L wall is assumed to be on a scale a << L and very slow compared to (a/L)V A , so Alfvén waves can keep the magnetic field in a forcefree, j × B = 0, state. The evolution of the magnetic field in the plasma, 0 < z < L, is determined by the vorticity of the slow, divergence-free, flow in the wall Ω w (x, y, t) =ẑ · ∇× v w . In this model the plasma velocity v and the magnetic field line velocity u within the plasma are identical, the distance along the field lines ℓ equals z, u = ∇ × (φẑ), and (C1)
where ∇ 2 ⊥ ≡ ∂ 2 /∂x 2 + ∂ 2 /∂y 2 and H(x, y, z, t) gives the magnetic field lines dx/dz = ∂H/∂y and dy/dz = −∂H/∂x. A solution to the equations is Ω(x, y, z, t) = Ω w (α, β, t) z L , (C5)
where the distribution of parallel current, K ≡ µ 0 j || /B, is independent of ℓ. When φ w is independent of time K increases linearly with time.
The magnetic field line labels α(x, y, z, t) and β(x, y, z, t) are time independent functions of the (x, y) coordinates in the z = 0 stationary wall but are generally complicated functions of (x, y, z, t) for z in the range 0 ≤ z ≤ L. On the perfectly conducting wall at z = L, the magnetic field line labels are equivalent to two-dimensional Lagrangian coordinates for the flow of the wall. ∂α(x, y, L, t)/∂t = − v w · ∇α and ∂β(x, y, L, t)/∂t = − v w · ∇β.
The solution given by Equations (C5) and (C6) may become unstable; when this occurs the relevant solution is more complicated.
When the flow velocity in the z = L wall is written in terms of its stream function, v w = ∇ × φ w (x, y, t)ẑ , the streamlines of the wall flow are dx/dt = ∂φ w /∂y and dy/dt = −∂φ w /∂x, which are of identical form to the equations of classical mechanics of one and a half degrees of freedom, H(p, q, t). When ∂φ w /∂t = 0, the stream lines remain on constant φ w surfaces, and the regions in the z = L surface in which the streamlines increase the separation by e σ over time occupy an e −2σ fraction of the surface area. When φ w is time dependent, then generally a large fraction of the area is occupied by trajectories that increase their separation exponentially in time, as e λst , where λ s > 0 is called a Lyapunov exponent. Even simple stream functions can produce complicated spatial distributions of j || /B. An example is a Fourier representation with a periodicity distance a that has at least two terms,
where the φ mn and the ω mn are distinct constants.
